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Abstract

Experiments were conducted to investigate ¯ow characteristics of water through trapezoidal silicon microchannels
with a hydraulic diameter ranging from 51 to 169 mm. In the experiments, the ¯ow rate and pressure drop across

the microchannels were measured at steady states. The experimental results were compared with the predictions
from the conventional laminar ¯ow theory. A signi®cant di�erence between the experimental data and the
theoretical predictions was found. Experimental results indicate that pressure gradient and ¯ow friction in
microchannels are higher than those given by the conventional laminar ¯ow theory. The measured higher pressure

gradient and ¯ow friction maybe be due to the e�ect of surface roughness of the microchannels. A roughness±
viscosity model is proposed to interpret the experimental data. # 1999 Elsevier Science Ltd. All rights reserved.

1. Introduction

The rapid development of MEMS and micro-¯uidic

devices has generated an increasing demand for under-

standing of liquid ¯ows in microchannels or micro-

channel structures. The liquid ¯ow characteristics in

microchannels are important in the design and the pro-

cess control of MEMS and micro-¯uidic devices. It has

been found that for ¯uid ¯ow in microchannels, the

¯ow behavior often deviate signi®cantly from the pre-

dictions of conventional theories of ¯uid mechanics.

Wu and Little [15] measured the friction factors for

the ¯ow of gases in the miniature channels. The test

channels were etched in glass and silicon with hydrau-

lic diameter ranging from 55.81 to 83.08 mm. The tests

involved both laminar and turbulent ¯ow regimes.

They found that the friction factors for both ¯ow

regimes in these channels were larger than predictions

from the established correlations for macroscale pipes.

A transition Reynolds number to turbulent ¯ow can

be as low as 350. They attributed these deviations to

the relatively high surface roughness, asymmetric

roughness and uncertainty in the determination of the

channels dimensions.

Harley and Bau [4] measured the friction factors in

microchannels with trapezoidal and rectangular cross-

sections. The trapezoidal microchannel has dimensions

of 33 mm (depth), 111 mm (top width) and 63 mm (bot-

tom width), and the rectangular one has dimensions of

100 mm in depth and 50 mm in width. They found that

the product f � Re ranged from 49 for the rectangular

channel to 512 for the trapezoidal channel in contract

to the classical value of 48.

Choi et al. [1] measured friction factors for ¯ow of

nitrogen gas in microtubes for both the laminar and

turbulent regimes. The internal diameter of these

microtubes ranges from 3 to 81 mm. The relative
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roughness of these microtubes ranges from 0.00017 to

0.016. They found the measured friction factors in

laminar ¯ow are less than those predicted from the

macro tube correlations, e.g., the friction factor con-

stant, f � Re, has a value of 53, instead of 64. The fric-

tion factors in turbulent ¯ow are also smaller than

those predicted by conventional correlations. No

roughness dependence was observed.

Pfahler [11] measured the friction coe�cient or

apparent viscosity of isopropanol alcohol and silicon

oil in microchannels, and found that the apparent vis-

cosity becomes smaller as the channel size decreased.

However, there is a good agreement between the exper-

imental results and the predictions of the classical the-

ory for larger channels.

Peng et al. [10] experimentally investigated the ¯ow

characteristics of water ¯owing through rectangular

microchannels with hydraulic diameters ranging from

0.133 to 0.367 mm and width to height ratios from

0.333 to 1. Their experimental results indicated that

the ¯ow transition occurs at Reynolds number 200±

700. This transitional Re decreases as the size of the

microchannel decreases. The ¯ow friction behaviors of

both the laminar and turbulent ¯ows were found to

depart from the classical correlations. The friction fac-

tors are either larger or smaller than the predictions of

the classical theories. The geometrical parameters, such

as hydraulic diameter and the aspect ratio, were found

to have important e�ects on ¯ow.

Yu et al. [16] studied the ¯uid ¯ow and heat transfer

characteristics of dry nitrogen gas and water in micro-

tubes with diameters of 19, 52 and 102 mm. The

Reynolds number in their study ranges from 250 to

over 20 000. The average relative roughness for 52 mm
microtube was measured and the value is approxi-

mately 0.0003. The ¯ow friction results indicate that

Nomenclature

A empirical coe�cient in Eq. (16)
Ac cross-sectional area of the microchannel
As surface area of the microchannel

C1,C2,
C3, C4

coe�cients in Eq. (10)

Cf friction factor constant, Cf=f � Re
C� friction factor constant ratio, Eq. (14)
DIUF deionized ultra-®ltered water
F body force vector

J Jacobi determinant
K loss coe�cient
L length of the microchannel
P pressure vector

Pc perimeter of the microchannel
DP pressure drop across the microchannel
DPloss pressure losses at the inlet and outlet of

the microchannel
Px pressure gradient in x-direction
Q volume ¯ow rate

Rh hydraulic radius of the microchannel, that
is, half of the hydraulic diameter dh

Re Reynolds number

Rek Reynolds number based on the roughness,
Eq. (17)

RVM roughness-viscosity model
Uk velocity at the top of the roughness el-

ement
a, b, h dimensions of the trapezoidal microchan-

nel

dh hydraulic diameter of the channel, that is,
ratio of four times of the cross-sectional
area to the wetted perimeter of the channel

f Blasius friction factor or friction factor,

f � 2dh

ru2m

�
ÿ dP

dx

�
fF Fanning friction factor,

f � dh

2ru2
m

�
ÿ dP

dx

�
lmin shortest distance from the point to the sili-

con surface of the microchannel
k height of the roughness element

n outer normal coordinate at a point on the
microchannel wall inside periphery G

t time
u velocity vector

u, v, w velocity in the x, y, z direction respectively
um average velocity
wx uncertainty of variable x

x, y, z Cartesian coordinates

Greek symbols
Z, z transformed computational coordinates
f apex angle of the trapezoidal microchannel

m dynamic viscosity of water
mR roughness viscosity
r density of water

G inside periphery of the microchannel wall

Subscripts
exp experimentally determined value
thy theoretically determined value
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for laminar ¯ow in microtubes, the value of the pro-
duct, f � Re, is between 49.35 and 51.56, instead of 64.

A similar, but smaller reduction in the friction factor
was observed for both the transitional and the turbu-

lent regimes in the microtubes.
Flockhart and Dhariwal [3] measured the ¯ow

characteristics of distilled water in trapezoidal micro-
channels with a hydraulic diameter ranging from 50 to

120 mm. The investigation were kept within the laminar
¯ow regime for Reynolds number up to 600. For com-

parison, a numerical technique is employed to predict
the ¯ow characteristics. They found that the numerical
analysis based on conventional ¯uid mechanics can

adequately predict the ¯ow characteristics of water in
trapezoidal microchannels.

Mala and Li [7] measured pressure gradients of
water ¯ow in microtubes with inner diameter ranging

from 50.0 to 254.0 mm. The Reynolds number was up
to 2100. They found for larger microtubes with inner

diameter above 150 mm, the experimental results were
in rough agreement with the conventional theory. For

smaller microtubes, the pressure gradients are up to
35% higher than these predicted by the conventional

theory. Furthermore, as Re increased, the di�erences
between the experimental results and the conventional

theory predictions also increased. They suspected that
these e�ects were either due to change in the ¯ow

mode, from laminar to turbulent at lower Reynold
numbers, or due to the e�ects of surface roughness.

Our current understanding to these special ¯ow
behaviors is far from su�cient. It is necessary to carry

out fundamental investigations to understand the
di�erence between the experimental data and the con-
ventional theory. The objective of this work is to ex-

perimentally investigate the characteristics of water
¯ow in trapezoidal microchannels made in silicon
plates and attempt to explain the experimental results.

2. Experimental setup and procedures

A schematic of the experimental apparatus used to
investigate ¯uid ¯ow in trapezoidal silicon microchan-

nels is shown in Fig. 1. Deionized ultra ®ltered water
(DIUF) (Fisher Scienti®c) at the room temperature
was used as the working ¯uid. Water was pumped

from the liquid reservoir by a high precision pump
(Ruska Instruments, Model: 2248-WII) which has a
¯ow rate range of 2.5±560 cm3/hr and can generate a

pressure up to 4000 psi. In order to avoid any particles
or bubbles from ¯owing through and blocking the
microchannels, a 0.1 mm ®lter was installed between
the outlet of the pump and the inlet of the microchan-

nels, and water was forced to ¯ow through the submi-
cron ®lter before entering the microchannel. The
volume ¯ow rate of water ¯owing through the micro-

channels was measured by a precision ¯ow meter
(CHEM TEC, model: MAO-125 AA). The ¯ow meter
is designed for low ¯ow rate (up to 70 cm3/min) and

was calibrated by the standard weighting method as
follows. Basically, the liquid exiting the channel was
accumulated in a glass beaker. An electronic balance

Fig. 1. Schematic of the experimental system for measuring liquid ¯ow in microchannels.
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(METTLER INSTRUMENTE AG, model: BB240)

with an accuracy of 0.001 g was used to measure the

weight of the accumulated liquid. The volume of the

liquid was determined by dividing the weight by the

liquid's density. Details of the calibration is given in

Mala's Ph.D. thesis [8]. The accuracy of the ¯ow rate

measurement was estimated to be 2%.

The trapezoidal silicon microchannels used in this

work were fabricated by anisotropic etching technique

at Alberta Microelectronic Center (Edmonton,

Canada). First several microchannels were etched in a

silicon plate and then a Pyrex glass plate was anodi-

cally bonded on the top of the plate. The microchannel

plates used in the measurement have a dimension of

30 � 10 � 1 mm3. There are ®ve microchannels in each
plate. The microchannels in one plate have the same

dimensions so that the ¯ow through each channel is

identical. The cross-section of such a microchannel is

illustrated in Fig. 2. The dimensions of the microchan-

nels were measured by a microscope (Leica MS5

Stereomicroscope) with a resolution of 0.8 mm. The

characteristic sizes are listed in Table 1. The hydraulic

diameter of the microchannels used in this study

ranges from 51 to 169 mm.

The microchannel plate was placed in a two-part

symmetrical Plexiglas assembly, as shown in Fig. 3.

The epoxy resin was used to bond the microchannel

plate and the assembly together to avoid leaking. Two

sumps were machined in the assembly and were con-

nected by microchannels. A diaphragm type di�erential

pressure transducer (Validyne Engineering, Model:

DP15) with20.5% FS accuracy was connected to the

sumps to measure the pressure drop along microchan-

nels. In order to provide high accuracy, pressure trans-

ducers for di�erent pressure ranges were employed. All

the pressure transducers were calibrated by using a

standard deadweight pressure source before used in the

experiments. The details of the calibration procedures

and the results are given in Mala's Ph.D. thesis [8].

The inlet and outlet losses of the microchannels

were estimated by the following equations.

Fig. 2. Schematic of a trapezoidal microchannel in a silicon plate with a Pyrex glass cover.

Table 1.

Characteristic dimensions of the trapezoidal silicon microchannelsa

Channel. No. a (mm) b (mm) h (mm) dh (mm) k (mm)

1 405.27 359.72 28.06 51.3 0.8

2 148.33 94.83 44.44 62.3 0.8

3 162.11 105.43 45.47 64.9 0.8

4 237.01 66.11 109.77 114.5 2.0

5 318.81 150.24 113.84 142.0 2.0

6 523.20 356.32 111.14 168.9 2.0

a Length of the microchemicals=2.8 cm and number of microchannels per plate = 5.
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DPloss � K
ru2m
2
� K

rQ2

2A2
c

�1�

where K is the loss coe�cient. For microchannel inlet,
K takes 1.0, and for outlet K takes 0.5 ([13]). The real
pressure drop DP along the microchannel was obtained

by subtracting the inlet and outlet losses from the
pressure transducer reading. Realizing that Eq. (1) is
used to estimate the maximum pressure loss involved

when ¯uid ¯ow through the entrance and exit of the
channel ([2]), therefore, Eq. (1) may give overestimated
values for inlet and outlet losses.

In order to determine physical properties of the
¯uid, two T-type copper constantan thermocouples
(Omega Engineering) were placed at the sumps to

measure the inlet and outlet temperature of the liquid.
All the measurements reported in this paper were done
at a temperature of approximately 258C.
All the measurement devices were connected to the

computer data acquisition system. During a measure-
ment, the pump was set to maintain a desired ¯ow rate
and the pressure drop along the microchannel was

measured. For each measurement, the ¯ow was con-

sidered to have reached a steady state when the read-
ings of the pressure drop did not change any more. At

such a steady state, the pressure drop and the ¯ow rate
were monitored and recorded for about 30 min. The
data reported in this paper are for steady states. The

measurement for the same microchannel was repeated
at least twice for the same ¯ow rate. Then another set
of measurement at a di�erent ¯ow rate was conducted

for the same microchannel. For every microchannel,
the test was conducted up to a pressure drop of 250
psi, as microchannel failure (breaking) usually occurred

at pressures drop greater than 250 psi. Therefore, this
limited the Reynolds number range to only a few hun-
dreds for smaller microchannels.
The uncertainties involved in the measurements were

analyzed and evaluated. The results are given in Table
2. The detailed experimental uncertainty analysis can
be found in Appendix. For graphic reasons, the error

bars were not shown in all the plots reported in this
paper.

3. Results and discussion

During the experiments, the measured parameters
were the volume ¯ow rate Q and the pressure drop
across the microchannel DP. Other parameters used to

describe the ¯ow characteristics of water, such as
pressure gradient Px, Reynolds number Re, friction
factor f, and friction factor constant Cf , can be easily

related to these two measured parameters as follows.

Px � DP
L

�2�

Reexp � rQdh

Acm
�3�

fexp � 2DPdh A
2
c

L rQ2
�4�

Cfexp
� fexp � Reexp �5�

The physical properties of water involved in these

calculations, such as density r, dynamic viscosity m,
were determined from the measured water temperature
and were assumed independent of the pressure. In the

following sections, the experimental results are ®rst
compared with the predictions of the conventional the-
ory for fully developed laminar ¯ow; then the special

¯ow characteristics of water in the microchannels are
discussed; ®nally a rough-viscosity model is proposed
to explain the observed phenomena.

Table 2

Experimental uncertainties

Parameters Uncertainty (%)

Flow rate 2.0

Pressure drop 1.0

Inlet and outlet temperatures 0.8

Pressure gradient 1.4

Reynolds number 4.6

Friction factor 7.6

Fig. 3. Schematic of the test section.
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3.1. Conventional theory

Consider a laminar ¯ow of an incompressible vis-
cous liquid in a two-dimensional trapezoidal micro-

channel as shown in Fig. 2. The equations of motion is
given by:

r
@u

@ t
� r�u � r�u � ÿrP� F� mr2u �6�

For a fully developed ¯ow at steady state, the
equations of motion can be further simpli®ed. Since
the ¯ow has no velocity components normal to the

x direction, v and w are zero and u � u� y, z� in
terms of the cartesian coordinates as shown in Fig. 2.
For a fully developed steady state ¯ow, @w

�
@ t �

0, @u
�
@x � 0 and @P

�
@x � const:

Furthermore, the e�ect of the body force F is
assumed negligible. Under these conditions, Eq. (6)

reduces to

@ 2u

@y2
� @

2u

@z2
� 1

m
dP

dx
�7�

The boundary condition on the wall is the no-slip
condition, given as

u�y, z� � 0 on G �8�

Eq. (7) is a two-dimensional, second-order partial
di�erential equation. Once it is solved with the bound-

ary condition for a given pressure gradient, the velocity
®eld in the microchannels can be determined.
However, since the microchannel has a trapezoidal
cross-section, an analytical solution for Eq. (7) is not

possible and a numerical method has to be employed.
A numerical ®nite di�erence scheme was developed

here to discretize the governing equation, Eq. (7).

However, it should be noted that the cross-section
geometry of the microchannel is trapezoidal. This will
result in a non-uniform grid system and it is di�cult

and ine�cient to work with. Therefore, a transform-
ation was made to convert the trapezoidal cross-sec-
tion into a square or rectangular cross-section before

the ®nite di�erence scheme can be employed. This was
achieved by a coordinate system transformation given

as

Z � 2hyÿ �aÿ b�z
2haÿ 2�aÿ b�z �9a�

z � z

h
�9b�

In this way, the trapezoidal cross-section of the
microchannel in the y±z coordinate system can be con-
verted to a square cross-section in the Z±z coordinate

system as shown in Fig. 4. The equation of motion,
Eq. (7), should also be re-written in terms of the trans-
formed computational coordinate system. The ®nal

form of the transformed equation of motion is
expressed as

C1
@ 2u

@z2
� C2

@ 2u

@Z2
� C3

@ 2u

@z@Z
� C4

@u

@Z
� J

m
dP

dx
�10�

where J is a Jacobi determinant,

J �

���������
@z

@z
@z

@Z

@y

@z
@y

@Z

��������� � ahÿ �aÿ b�hz �11�

C1, C2, C3 and C4 are coe�cients in the Eq. (10).

For the transformation given by Eq. (9a), they can be
expressed as

C1 � a

h
ÿ aÿ b

h
z �12a�

C2 �
h2 � �aÿ b�2

�
Z2 ÿ Z� 1

4

�
ahÿ �aÿ b�hz �12b�

C3 � aÿ b

h
�2Zÿ 1� �12c�

Fig. 4. Schematic of the transformation of a trapezoid in

Cartesian coordinates to a square in the computational coor-

dinate.

Table 3.

Numerical results of friction constant for microchannels used

in this study

Channel No. f (degrees)a b/h f � Re

1 50.94 12.82 84.880

2 58.95 2.13 60.696

3 58.07 2.32 61.624

4 52.10 0.60 52.084

5 53.48 1.32 55.412

6 53.10 3.21 65.196

a f is the apex angle of the trapezoidal channel.
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C4 �
�aÿ b�2�2Zÿ 1�
ahÿ �aÿ b�hz �12d �

A ®nite di�erence scheme was applied to Eq. (10),
and the resulting system of algebraic equations was
solved using the Gauss±Seidal iterative technique, with

successive over-relaxation employed to improve the
convergence time. In this way, the theoretical velocity
distribution across the microchannel cross-section was

determined. In order to verify our numerical results,
our numerical solution was compared with other sol-
utions. For various shapes of the channel cross-section,

a very good agreement was found, which provided
con®dence in our numerical method. For example, for
channels with square cross-sections, the friction factor
constant Cf is calculated to be 56.92 from our numeri-

cal method, which is in excellent agreement with the
value of 57 from the conventional theory. Table 3.lists
the numerical results of the friction factor constants

for channels used in this study. For comparison, the
friction factor constants given by Shah and London
[12] for trapezoidal channels with similar geometry and

the results of our corresponding numerical solutions
are shown in Table 4. It can be seen from Table 4, our
results are very close to those given by Shah and

London [12]. It should be noted that the friction fac-
tors used in Shah and London's book were Fanning
friction factor, which was de®ned as

fF � dh

2ru2m

�
ÿ dP

dx

�
�13�

For consistency, the friction factors used in Table 4

are converted to Blasius friction factors which are four
times of Finning friction factors [6].
In this paper, the theoretical predictions of the ¯ow

characteristics in microchannels are obtained follow
this way. The measured pressure drop and the real

microchannel dimensions were ®rst employed to calcu-
late the velocity ®eld in the microchannel by means of

the numerical method described above; then other use-
ful parameters, such as the average velocity um, ¯ow
rate Q, Reynolds number Re, friction factor f, and fric-

tion factor constant Cf , were determined from the vel-
ocity ®eld.

Table 4

Comparison of numerical results with results of Shah and

London [12] for trapezoidal channels

f (degrees) b/h f � Re (Shah and London) f � Re (this work)

45 8.0 78.972 78.935

4.0 69.588 69.687

2.0 60.824 60.850

1.33 57.040 57.077

1.0 55.308 55.281

0.75 54.164 54.176

0.5 53.456 53.495

60 8.0 81.216 81.202

4.0 72.212 72.241

2.0 62.772 62.765

1.33 58.548 58.545

1.0 56.604 56.605

0.75 55.552 55.568

0.5 55.216 55.281

Fig. 5. A comparison of the measured data of pressure gradi-

ent vs. Reynolds number with the predictions of conventional

laminar ¯ow theory. (a) (1) dh = 51.3 mm; (2) dh= 62.3 mm;

(3) dh = 64.9 mm; (b) (4) dh = 114.5 mm; (5) dh = 142.0 mm;

(6) dh = 168.9 mm.

Qu Weilin et al. / Int. J. Heat Mass Transfer 43 (2000) 353±364 359



3.2. Pressure gradient

For all the microchannels used in this study, the

measured pressure gradient Px is plotted in Fig. 5(a)

and (b) as a function of the experimentally determined

Reynolds number. For each measured pressure gradi-

ent, the theoretical Reynolds number is calculated

from the conventional theory. A comparison between
the experimental data and theoretically predicted

curves is shown in Fig. 5(a) and (b).

As seen in Fig. 5(a) and (b), the theoretical curves
are all linear as required by conventional laminar ¯ow

theory. It can also be observed that all theoretically

predicted curves fall below the experimental curves,

which means that at a given ¯ow rate, a higher press-

ure gradient is required to force the liquid to ¯ow

through those microchannels than the predictions of
the conventional laminar ¯ow theory. For smaller

microchannels, as shown in Fig. 5(a), similar to the lin-

ear curves predicted by the conventional theory, the

experimental Px±Re relationships are essentially linear

as well. However, the slopes of the measured Px±Re

relationships are approximately 18±32% higher than
those of the theoretical curves. For these smaller chan-

nels, Px±Re relationships at higher Reynolds number

are not available since the channels will break at high

pressure as mentioned before. In Fig. 5(b), the slopes

of the experimental Px±Re relationships for three lar-

ger microchannels are also higher than that of the cor-
responding theoretical curves. It can be seen that in

low Reynolds number range, the measured Px±Re re-

lationships are basically linear. However, as Re

increases over 400 or 500, the slopes of these exper-

imental curves start to increase. The slopes of the
measured Px±Re relationships increase from 2% at
low Re range to 45% at high Re range, in comparison

with the slopes predicted by the classical theory.

3.3. Flow friction

The ¯ow behavior of water through microchannels
can be further interpreted in terms of the ¯ow friction.

The experimental friction factor fexp can be determined
by Eq. (4). In Fig. 6, fexp is plotted as a function of
the experimentally determined Reynolds number. For
comparison, the relationships between friction factor

and Reynolds number predicted by the conventional
theory are also plotted in Fig. 6. From Fig. 6, it can
be seen that in the high Reynolds number range, all

the experimentally determined friction factors are
above the theoretical curves, which means for a given
Reynolds number, the ¯ow friction in microchannels

are higher than the predictions from the conventional
theory.
Another important parameter used to describe the

¯ow friction in channels is the friction factor constant

Cf , which is the product of the friction factor and
Reynolds number. It is well known from the conven-
tional laminar ¯ow theory that the friction factor con-

stant for a trapezoidal channel is dependent only on
the geometry of the channel cross-section [12]. Hence,
for a given trapezoidal channel, a constant value of Cf

should be expected. However, according to the exper-
imental data in our study, it is found that Cfexp

is no
longer a constant for ¯ow in a microchannel. In order

Fig. 6. A comparison of experimentally determined values of

friction factor vs. Reynolds number with the predictions of

conventional laminar ¯ow theory.

Fig. 7. Friction coe�cient ratio vs. Re.
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to illustrate the dependence of Cfexp
on other factors,

the friction factor constant ratio C� is introduced here

and de®ned as

C � � Cfexp

Cfthy

�14�

If the experiment Reynolds number and the theoreti-
cal Reynolds number are chosen to have the same

value, C � denotes the ratio of experimental friction
factor to theoretical friction factor.

C � � fexp

fthy

�15�

C � is plotted as a function of Reynolds number in
Fig. 7. As can be seen from Fig. 7, C � is always

greater than one. We conclude that the ¯ow friction in
the microchannels is 8±38% higher than the theoretical
prediction in the Reynolds number range in this study,

and depends on the microchannels' hydraulic diameters
and Reynolds number.

3.4. Roughness-viscosity model

The above discussed characteristics of higher ¯ow
friction have to do with the scale of the microchannels.

We measured the surface roughness of the microchan-
nels. The surface roughness of the pyrex glass covers
was measured by a Tencor surface pro®lemeter (TSP).

It was found that the surfaces of the pyrex glass covers
are very smooth and the average surface roughness is
in the order of 10 nm. The average surface roughness

of the silicon surface was measured by a high resol-
ution inverted research metallurgical microscope
(Olympus, model: PMG3). It varies from 0.8 mm for
smaller microchannels to 2 mm for larger microchan-

nels as shown in Table 1. The roughness of such an
order of magnitude can be safely neglected if the
dimensions of the ¯ow channel are above the order of

millimeters. However, for microchannels used in this
study, the ratio of 2k/dh ranges from 2.4% to 3.5%.
The channels height is the smallest dimension for these

trapezoidal microchannels. As seen from Table 1, the
ratio of 2k/h ranges from 3.4% to 5.7%. Therefore,
the surface roughness may have profound e�ects on
the velocity ®eld and the ¯ow friction in microchan-

nels.
The presence of surface roughness a�ects the lami-

nar velocity pro®le and decreases the transitional

Reynolds number. This has been shown by a number
of experiments and a comprehensive review can be
found elsewhere [9,14]. Based on Merkle's modi®ed

viscosity model, Mala and Li [7] suggested a roughness
viscosity model and applied it to explain the e�ects of
the surface roughness on laminar ¯ow in microtubes.

Generally, the presence of the surface roughness
increases the momentum transfer in the boundary

layer near the wall. This additional momentum transfer
can be accounted for by introducing a roughness vis-
cosity mR in a manner similar to the eddy-viscosity

concept in the turbulent ¯ow model. It should be
noted that Mala and Li's [8] model was developed for
the microtube which has a circular cross-section. In

this paper this roughness-viscosity model is further
developed for the ¯ow in trapezoidal microchannels.
According to the concept of the roughness viscosity,

mR should have a higher value near the wall and gradu-
ally diminish as the distance from the wall increases;
mR should also increase as Re increases. The ratio of
the roughness viscosity to the ¯uid viscosity in trape-

zoidal microchannels is therefore proposed to take the
following form:

mR

m
� A Rek

�Rh ÿ lmin �
k�

1ÿ exp

�
ÿ Rek

Re

�Rh ÿ lmin �
k

��2
�16�

where A is a coe�cient which has to be determined by
the experimental data; Rh is de®ned as the hydraulic

radius of the microchannel, which is half of the chan-
nel hydraulic diameter; lmin is the shortest distance
from the point to the silicon surface; Rek denotes the
local roughness Reynolds number and is de®ned as [9]

Rek � Ukrk
m

�17�

where Uk denotes the velocity at the top of the rough-

ness element and is given by [9])

Uk �
�
@u

@n

�
G
k �18�

By introducing the roughness viscosity in the
equation of motion in a manner similar to the eddy

viscosity in the turbulent ¯ow, the equation of motion
for laminar ¯ow through a trapezoidal channel
becomes

@ 2u

@y2
� @

2u

@z2
� 1

�m� mR �
dP

dx
�19�

with no-slip boundary condition on the wall

u�y, z� � 0 on G �20�

Eq. (19) is a modi®ed equation of motion that

accounts for the e�ects ofsurface roughness on a lami-
nar ¯ow. Comparing Eq. (19) with Eq. (7), it is appar-
ent that once the roughness viscosity mR is known, the
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modi®ed equation of motion can be solved similarly
by the method developed in the previous section.

As seen from the roughness-viscosity function, Eq.
(16), all parameters except the coe�cient A in Eq. (16)

can be determined from the ¯ow ®eld, the dimensions
and the average surface roughness of the microchan-

nel. Basically, the coe�cient A not only depends on
the factors mentioned above, but also depends on the

shape and the distribution of the roughness elements.
In principle, the A value should vary from channel to

channel. However, based on the experimental data, an
empirical relation used to calculate the A value can be

found by means of numerical approaches. The detailed
information about how to determine the empirical re-
lation for A can be found elsewhere, [7]. For the trap-

ezoidal silicon microchannels used in this study, the
coe�cient A can be evaluated by

A � 5:8

�
Rh

k

�0:35

exp

�
Re0:94

�
5:0� 10ÿ5

Rh

k
ÿ 0:0031

�� �21�

Fig. 8(a) and (b) show the comparison of the

measured Px±Re relationships with the predictions of
the roughness viscosity model. As can be seen clearly
from Fig. 8(a) and (b), the curves predicted by the

roughness viscosity model and the experimental curves
are in a good agreement with each other. This implies
that the roughness-viscosity model proposed in the

present work may be used to interpret the ¯ow charac-
teristics in these microchannels.

4. Summary

Fluid ¯ow in trapezoidal silicon microchannels was

experimentally investigated. The results were ®rst com-
pared with conventional theory. It is found that press-
ure gradient and ¯ow friction in microchannels are

higher than that predicted by the conventional laminar
¯ow theory. In a low Re range, the measured pressure
gradient increases linearly with Re. When Rer500, the

slope of Px±Re relationship increases with Re. It was
also found that the friction coe�cient for a given
microchannel is no longer a constant; the friction coef-

®cient varies with Re. A roughness-viscosity model was
proposed in this paper to interpret the experimental
data. A good agreement between the experimental data
and the model predictions were found.
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Appendix. Experimental uncertainty analysis

According to Holman [5], if R is a given

function of the independent variables
x 1, x 2, x 3, . . . xn, R � R�x 1, x 2, x 3, . . . xn), and
w1, w2, w3, . . . wn, are the uncertainties in these inde-

Fig. 8. A comparison of experimental data of pressure gradi-

ent vs. Reynolds number with the predictions of the rough-

ness-viscosity model: (a) (1) dh � 51:3 mm; �2� dh � 62:3 mm;

�3� dh � 64:9 mm; �b� �4� dh � 114:5 mm; �5� dh � 142:0 mm;

�6� dh � 168:9 mm:
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pendent variables, the uncertainty of R can be evalu-
ated by

wR �
"�

@R

@x 1
w1

�2

�
�
@R

@x 2
w2

�2

� . . .

�
�
@R

@xn
wn

�2
# 1

2

�A:1�

Eq. (A.1) can be further written as

wR

R
�
"�

1

R

@R

@x 1
w1

�2

�
�
1

R

@R

@x 2
w2

�2

� . . .

�
�
1

R

@R

@xn
wn

�2
# 1

2

�A:2�

Based on the instruments and methods employed in

our experiments, the uncertainties of our basic
measured parameters are evaluated as following.

wa � 0:8 mm �A:3�

wb � 0:8 mm �A:4�

wh � 0:8 mm �A:5�

wL

L
� 0:01 �A:6�

wQ

Q
� 0:02 �A:7�

wDP

DP
� 0:01 �A:8�

wT

T
� 0:008 �A:9�

From Eq. (A.2) and Eqs. (A.3)±(A.9), the uncertain-
ties of some dependent parameters can be evaluated.
For the cross-section area of the microchannels,

Ac �
�a� b�h

2
�A:10�

wAc

Ac

� 0:028 �A:11�

For the perimeter of the microchannels,

Pc � a� b� 4

����������������������������
h2 � �aÿ b�2

4

s
�A:12�

wPc

Pc

� 0:0054 �A:13�

For the hydraulic diameter of the microchannels,

dh � 4Ac

Pc

�A:14�

wdh

dh

� 0:0285 �A:15�

The above provides enough information to estimate

the uncertainties of the ®nal experimental results. The
pressure gradient Px, Reynolds number Re, and fric-
tion factor f are related to the basic measured par-

ameters by Eqs. (2)±(4). From Eq. (A.2), their
uncertainties are evaluated as

wPx

Px
� 0:014 �A:16�

wRe

Re
� 0:046 �A:17�

wf

f
� 0:076 �A:18�
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